How much work can a quantum device extract from a heat engine? 
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Work extraction from a heat engine in a cycle by a quantum mechanical device (quantum "piston" ) 
is analyzed. The standard definition of work fails in the quantum domain. The correct extractable 
work and its efficiency bound are shown to crucially depend on the initial quantum state of the piston. 
The transient efficiency bound may exceed the standard Carnot bound, although it complies with 
the second law. Energy gain (e.g. in lasing) is shown to drastically differ from work gain. 
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Introduction Despite efforts to reconcile quantum 
mechanics and thermodynamics over the years [U-Hi their 
compatibility is still an open foundational problem, with 
crucial bearing on the performance bounds of heat ma- 
chines in the quantum domain [5l4ll|. The need to re- 
solve this problem becomes apparent when we consider 
the widely accepted division of energy AEs drawn by a 
system from the bath in a closed cycle into work, W, and 
heat, Q, in the quantum domain [9( 

AE S = j> tr( Ps H s )dt = -W + Q; 
\Y = - <t> tr{ Ps H s dt}- Q = I tr{p s H s dt}. (1) 



Here ps{t) is the reduced density matrix of the system 
and Hs is the time-derivative of the parametrically (clas- 
sically) driven system Hamiltonian Hs(t). In this con- 
vention, W > implies that work is performed in a cycle 
by the system on the driving device (a "piston") at the 
expense of part of the heat energy supplied by a bath. 
Ideally, the piston can extract all the work allowed by Eg. 
([1]) within the fundamental Carnot efficiency boundjllj. 
The debate concerning the proper ensemble-averaging of 
work fluctuations does not affect the validity of Eq. 
([1]). Yet, what is the counterpart of Eq. ([TJ when we con- 
sider a time-independent Hamiltonian H to t governing a 
closed complex, whose ingredients (the baths, the system 
and the piston) are fully quantized? Since H to t — 0, does 
this imply that work cannot be extracted at all? And if 
it can, do quantum correlations or coherence in the com- 
plex play any role in determining the work extraction? 

Here we attempt to elucidate these widely open fun- 
damental questions, and thereby the formidable issue of 
the compatibility of quantum mechanics and thermody- 
namics, by resorting to the seldom used notion of the 
"passivity" of a mixed quantum state 12]: the definition 
of work extraction as the difference between the mean en- 
ergy in this state and in the corresponding passive state 
(the state of minimal mean energy at the same entropy) . 
We show that it is necessary to use the passivity defini- 
tion of work in quantized closed complexes to avoid vio- 
lation of the second law, with which the standard (canon- 
ical) definition confronts us in such scenarios. We 



therefore use passivity to infer the bound on work ex- 
traction by a quantum piston and investigate the rapport 
of this bound with Carnot efficiency. The investigation 
shows that this bound may drastically differ from the 
conventional Carnot bound[13|: it involves effective tem- 
perature and entropy that strongly depend on the initial 
quantum state and dynamics of the piston. Strikingly, 
the transient efficiency for an initial coherent state may 
exceed the standard Carnot bound, thus revealing the 
ability of the quantum piston to act as a negentropy re- 
source. .The general results are supported by an analysis 
of a generic, fully quantized model, which may describe 
maser /laser action of a "piston" (signal) mode in a cavity 
S U EH • This model reveals the principal discrepancy 
between work and energy gain of the piston mode. 

Canonical bound We consider a system (S) coupled 
to cold (C) and hot (H) baths and to a piston (P), all 
fully quantized. Since the standard Eq. ((T|) does not ap- 
ply when the Hamiltonian is time-independent, we may 
instead invoke the first law of thermodynamics (energy 
conservation) for the total (closed) complex of the sys- 
tem (S), piston (P), cold (C) and hot (H) baths, assuming 
the engine operates at the steady-state of the system, so 



that 



d{H s )) 
dt 



0. The first law then yields the standard 



(canonical) expression for power generation by the en- 
gine [§] Vcan = ^tt 1 = ( J c + Jh), where the energy 
flow between the two baths and S is give n by the respec- 
tive heat currents, Jc, and Jh [il. 15, Il5|. The canonical 
efficiency bound is then the ratio of the output power 
Teem to the heat current input Jh 



Jh 



Jc + Jh 
Jh 



(2) 



However, if the canonical expression ([2]) indeed pertains 
to the rate of work and the efficiency, whereas Jc and Jh 
are calculated while allowing for the state of a quantum 
piston (see below), then the Kelvin formulation of the 
second law, whereby work cannot be extracted in a cycle 
by a single-bath engine, may be violated (Fig. la). 

In an attempt to remove such inconsistences we may 
invoke Spohn's theorem [16|, which is a statement of the 
second law in the Markovian approximation [lj: S-p > 
Here the l.h.s is the entropy production-rate of 
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FIG. 1. (a) Work extraction/ (initial work stored in the pis- 
ton) from a single bath, Tc = Th, for a piston initially in a 
coherent state (with amplitude a(0) = 1/5), calculated for the 
model of Eq.©. The canonical bound (Eq. ([2])) permits work 
to be extracted from a single bath in contrast to the passivity 
bound (Eq. Q) in keeping with the second law. The cy- 
cle duration is ^E. Insetsdower-piston mode drives quantum 
dots embedded between two materials at different tempera- 
tures. Upper- a lasing piston mode in a cavity setup, (b) 
Transient efficiency bound and work extraction (initial work) 
according to the passivity bound Eq. ((4]) for — 1 /50 and 
a coherent state with initial energy va(0) 2 = 0.98 



the piston, which is commonly ignored [6 10], but may 
be important for a quantum piston. Under this inequal- 
ity we find that the canonical efficiency bound ((2]) for a 
cycle, at given bath temperatures Tc and Th, satisfies 
r/can < 1 — 7y£- + j^-Sp. This inequality implies the pos- 
sibility to violate both the Carnot bound for Th > Tc 
and Kelvin's prohibition on work extraction from a single 
bath (Tc = Th), on account of the term -j^-Sp, which 
is positive-definite (in the Markovian approximation) [l| . 
Yet this term describes heat exchange between the pis- 
ton and the engine, rather than work extraction. We 
conclude that the canonical definition of output power 
is inappropriate for the work- extraction bound when the 
entropy production-rate of the quantum piston plays a 
role, as it fails to distinguish between work and heat pro- 



duction. 

Passivity bound The starting point of our alternative 
analysis is the definition of work based on the notion of 
passivity [l2j|. whereby the work extractable by the piston 
(P) in a given state is W P = (H P (p P )) - (H P (p' p )) min 
where Hp is the time-independent piston Hamiltonian, 
pp denotes the density matrix of the piston (obtained 
upon tracing out the system S and the baths Be and 
Bh), and p' P = UppU + is its counterpart following a 
unitary transformation that minimizes the second term: 
i.e. we have to find a unitary such that Wp is maximized, 
by minimizing {Hp(p' p )) . It is easy to find the passivity 
bound on work extraction in a cycle: 

{W P ) M ax = {Hp(pp)} - (Hp(p' P )) Gibbs ; 

Hp 

(p' P )Gibbs = Z~ e~ T p (3) 

where we have used the property of the Gibbs (equilib- 
rium) state that minimizes the energy for a fixed entropy 
Sp (an invariant under unitary transformations). The 
Gibbs form yields the effective temperature Tp of the 
piston from its invariant entropy Sp. We stress that it 
is by no means guaranteed that pp can be transformed 
to a Gibbs state by a unitary process, so that the bound 
might not be tight. However, applying entangling uni- 
taries to an ensemble of "n" such pistons one can reach 
asymptotically this bound [l7| . 

The variation of Eq. ([3]) (the passivity bound) un- 
der energy exchange between S, P, Bh and Be yields 
[V pas ) Max = d(W ^ t Ma ' = ^ - TpSp, where we have 
identified the power extraction with the rate of change 
of work by the piston. The last term on the r.h.s , in- 
volving the entropy production-rate of the piston, is the 
difference between the power extraction by the piston 
according to the passivity definition and the canonical 
expression. The passivity bound on the power yields the 
efficiency bound 

i \ Jc + Jh - TpSp 

(Vpas)Max = 7 ■ (4) 

•JH 

This bound can be checked not to violate Kelvin's pro- 
hibition on single-bath work extraction as opposed to 
Eq. ((2]) (Fig. la). However, the compliance of (|4]) 
with the Carnot bound is not obvious. Using Spohn's 
theorem [l|| as before, now yields, instead of the canon- 
ical bound r] pas < 1 — ^ + Sc^Tp)Sp_^ me q ua ij^y 
agrees with the Carnot bound if Tc > Tp. Yet what if 
this is not the case? For Tp < Tc, the Spohn theorem 
[l6| and the convention [l5[ Jc < imply the inequality 
S P >^ + ^>^ + ^, whence 

V P as(T P <T C )<1 + \ T " Th ' = 1 - 

Jh +h 

(5) 
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This bound implies that quantum engine effectively op- 
erates between three different temperatures: Th, Tc and 
Tp. Its maximum efficiency is the Carnot bound 1 



Tq 
T H 

it ex- 



for T c <T P <T H , but for T P < T c it is 1 - i.e. 
ceeds the standard Carnot bound 1— T f- (Fig. lb) . Yet, 
it complies with Spohn's theorem and hence with the sec- 
ond law. This remarkable result prompts the questions: 
what determines the discrepancy between this passivity 
bound, the canonical bound and the standard Carnot 
bound? What determines the actual work extraction 
(rather than its bound) by a quantum piston? 

Model analysis The fundamental questions raised 
above call for an analysis of the simplest {minimal) model 
of a quantum heat engine (QHE), to date: a harmonic- 
oscillator (piston) that acts dispersively on a single-qubit 
system (i.e. without changing the level populations), 
while the system is permanently coupled to spectrally- 
separated hot (H) and cold (C) baths at temperatures 
Tjj and Tc, respectively. The parametrically (classically) 
piston-modulated version of this model has been studied 
by us [l5(. We wish to understand: How different is its 
quantum couterpart? 

To this end, we consider the quantized model of dis- 
persive S-P coupling (Suppl. Info.) : 



1 



wqCz + ua + a + — (a + + a)(Tz 



(6) 



where the first term is the two-level system (TLS) energy, 
the second term is the quantized-piston energy and the 
last term is the weak S-P interaction at a rate g p that 
couples the sum of the creation and annihilation opera- 
tors of P to the oz Pauli operator of S. The S-B coupling 
has the standard spin-boson form Hsb — px(Bh + Be). 

We wish to analyze the piston evolution in this model. 
We describe its bath-induced dynamics by the (inter- 
action picture) Lindblad-Gorini-Kossakowski-Sudarshan 
(LGKS) generator obtained in the Davies weak coupling 
limit procedure [2] (Suppl. Info.) C = 52 • ^2 q Cj >q where 
j = H,C labels baths and q = 0, ±1 labels relevant Bohr 
frequencies ujq + qv of S + P. According to Q the time- 
dependent currents read Jj = ^2 q Tr{Hs+pCj^ q ps+p{t)) 
m|. Then using a "dressing transformation" (Suppl. 
Info) the (dressed) TLS reaches a steady state while the 
piston still evolves, thus we can eliminate the TLS vari- 
ables. This yields the final description in terms of (inter- 
action picture) LGKS master equation for the (dressed) 
harmonic oscillator- the piston. Having the-time depen- 
dent reduced density matrix of the piston pp(t) we can 
compute its entropy S(pp) and its effective temperature 
T P . 

For further insight, we cast the Liouville (master) 
equation for the piston into a physically transparent form 
in the Glauber-Sudarshan P-representation EH • The 
quasiprobability distribution in the coherent-state basis, 
Pp = J d 2 aP(a)\a)(a\, then obeys the Fokker-Planck 
equation 
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FIG. 2. Main panels: Non-passivity of P(a) for an initial (a) 
Fock state, (b) coherent state, and the corresponding work- 
extraction evolution states: 1) pointed (after 2.310 10 cycles); 
2) dashed (after 3.1 * 10 10 cycles); 3) solid (after 7.8 * 10 10 
cycles). Below: the corresponding phase-plane distributions 
at (c) (stage 1) and (d) (stage 3). 
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dt ~ 2^da a 
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7= ^{{G{v + )-G{v.))p et 
(G(-v.)-G(-v + ))p gg ) 



+ 



D 



9p 



((G(v-)p ee + G(-v + )p gg )) 



(7) 

(8) 
(9) 



where v± — luq ± is, 7 is the drift (loss or gain) 
coefficient, D is the diffusion coefficient and G(lu) — 
J2j=H c G^(uj) is the sum of the cold- and hot-baths re- 
sponse spectra. The passivity expression for work then 
assumes the form 



W P 



d 2 a\a\ 2 {P(a)-P'{a)) 



(10) 



P'{a) being the minimal-energy unitarily-transformed 
distribution. As in ([3]), the second term represents the 
contribution of the passive state. Hence, Eq. ([TO]) ex- 
presses work extraction as non-passivity. This stands in 
stark contrast to the piston energy gain or loss: 
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(H P (t)) = - e-^) + e^V(O)) (11) 

7 

which is independent of the passivity of the initial 
state. 

How much work is extracted from a given initial 
state? The Fokker-Planck equation ([7]) allows us to ana- 
lytically calculate the work in a cycle from ([T0|) for a vari- 
ety of initial states of the piston, if we can find the energy- 
minimizing unitary transformation P(a) — > P'(a) (Fig. 
2):_ 

(i) For an initial coherent state a(0)}, work extraction, 
described by a unitary displacement of the distribution 
to a' = yields, W P = va 2 {Q)e-^ for any a(0) This 
work exponentially increases for negative 7. The quasi- 
classical limit retrieves the canonical expression @ for 

;• t> , (dH P ) 

power: i™< a (o)>2- >0 oPp« ss .»e -> dt ■ 

(ii) "Incoherent" state, e.g. a phase- unifrom distribu- 
tion of coherent states with the same |a(0)|, P(a,a*) = 
/ " d95 2 (a — a(0)), yields work extraction only in the 
quasiclassical limit a(0) 2 >• 1. 

(iii) A thermal state will keep its character and not 
extract work, Wp < 0, which implies passivity at any 
time. 

(iv) A pure initial Fock state \n(0)} can at most de- 
liver the work vn(0) initially stored in it, but contrary to 
the coherent state, it cannot extract more work from the 
engine. 

We may thus conclude that the extracted work 
strongly depends on the initial state of the piston, par- 
ticularly its coherence. The question is: what determines 
whether a state is suited for work extraction or not? To 
answer this question in general terms, we look for criteria 
for sustainable (long-time) non-passivity. This requires 
non-monotonic decrease of P(a) with the energy v\ot\ 2 at 
long times. This requirement may be formulated in terms 
of the derivative with respect to r > 0, where a — re %e 

^>0 (12) 
or 

The following considerations emerge from the analysis of 
Eq. (HU) (Suppl. Info): 

(a) An initially passive (e.g., thermal) state, will re- 
main so at later times, with no work extraction at any 
time, since Eq. (fT2|) cannot be satisfied, (b) Only 7 < 
can yield sustainable work, since for 7 > the distribu- 
tion always becomes thermal distribution. 

(c) The main contribution to Eq. (TT21 comes from |a| 
close to the center of the distribution. If the center stays 
at the origin as in a Fock state, the distribution will even- 
tually become passive and terminate work extraction. By 
contrast, a coherent state, whose distribution is centered 
at |a| = |a(0)|e _ "2" retains the nonpassivity, so that work 
extraction is sustainable at all times. 



(d) For a piston in an initial passive or Fock state, the 
engine needs an "ignition", which can be achieved by co- 
herence injection expressed by \Pi gn ition) — D(a)\P(0)), 
where D(a) is the displacement operator and |P(0)) is 
the initial (here pure) state. 

Exceeding the Carnot bound Finally, our analysis 
of the passivity bound ([5]) allows the engine to surpass 
the standard Carnot bound when the piston is initially in 
a coherent state (Fig lb). This is allowed (by Eq. flU) 
since the coherent-state effective temperature Tp (t) then 
rises with time as 

— = hoai 1 -^). (13) 
T P (t) v yv Dt ' V ' 

Discussion The present analysis allows to understand 
work extraction in the quantum domain as deviation from 
a passive state. The compelling argument in favor of this 
seldom-used definition is that it avoids inconsistency with 
Kelvin's second law, as opposed to the standard (canoni- 
cal) definition. The passivity efficiency bound (Eqs. (Q}, 
([5])) assumes the form of a Carnot bound, if the time- 
dependent effective temperature Tp(t) of the piston is 
introduced, yet for Tp < Tc (Eq. (13)) it may surpass 
the standard Carnot bound. This striking transient effect 
shows that quantum coherence may provide negentropy 
beyond the standard (classical) limit of work extraction. 

A possible experimental setup for demonstrating and 
further studying the effects discussed here may involve 
an ensemble of N two-level systems (TLS) realized by 
adsorbates or defects deposited at an interface between 
two solids at different temperatures, Tc and Tp. The 
solid structure also serves as a resonator for a radia- 
tion "piston" mode that is off-resonantly coupled to the 
TLS (Fig. 1-Inset). The hotter solid (at T H ) is the en- 
ergy source for the engine that transforms phonons (via 
dipole coupling to the TLS) into the piston-mode exci- 
tation. A thermal-radiation (microwave) cavity with a 
piston mode is another experimental candidate (Fig 1- 
Inset). The energy-gain of the piston mode (Eq. ([TT]) ) 
is necessary for work extraction, but the latter may be 
drastically different from energy gain (Eqs. (fll3| .([T2" j) ) 
depending on the initial state. 

To conclude, the present results open a new vista into 
the obscure interface between engine thermodynamics 
and quantum dynamics. Hitherto unfamiliar quantum 
effects have been shown to affect the engine performance, 
particularly in the low-excitation (few quanta) limit. 

The support of ISF, DIP, Grant No. NN 202208238 of 
MNiSW (RA) and CONACYT is acknowledged. 
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SUPPLEMENTARY INFORMATION 

Dynamics in the fully quantized system-bath-piston 
complex 



The S+P Hamiltonian reads 

H s +p — ^wo<Jz + y (a + a + )a z + va + a (SI) 

This system is weakly coupled to "cold" and "hot" heat 
baths by the following interaction Hamiltonian 



H M = ax® {B c + B H ) 



(S2) 



The analysis of this model is simplified by using a new set 
of canonical operators b, b + and Pauli matrices obtained 
by a unitary dressing transformation that diagonalizes 
the Hamiltonian 

a^b= C/W, a k ^a k = U^a k U , U = e ^ (a+ - a),J * . 

(S3) 



Under this transformation the Hamiltonian of S+P (|S1[) 
can be written as 

#S + P = ^ 0< 7 3 + ^t 6 _ ( | )2 I (S4) 

and the dressing transformation can be expressed in 
terms of new variables 

U = e £uHa*-a)^U =e £(6t-6K (S5) 

The Pauli matrix ax which appears in the interaction 
Hamiltonian (|S2I) is given in terms of new dynamical vari- 
ables as 



ox 



(S6) 



The Heisenberg picture Fourier decomposition of ax 
within the lowest order approximation with respect to 
the small parameter g p /£l, can be obtained from 



-iHt iuj^t" 



a + (t) = e a + e = e'~ u ~a + e 

2 +( te>t + £p (5t e i(<-o+»0t _ Sl^"-^) (S7) 



where 



S{ = a+tf ,8^ =a+b 



(S8) 



The approximation made in (|S7[) is valid for piston ex- 
ctitation numbers such that 



?L J(6t6)«l, 
v v 



(S9) 



The derivation of the coarse-grained master equation 
leads to the following (Interaction-picture) equation of 
motion for the reduced density matrix of S+P, ps+p 



dps+p(t) 
dt 



Cp s +p{t) 



(S10) 



6 



where 



9=0, ±1 



(Sll) 



and the generators C? q are of the standard LGKS form 

£&PS+p = ^{g j (w )([ct-ps+p,ct+] + [(J-,ps+pv+}) + 
G J (-(j )([v+Ps+p,v-} + [5 + ,p 5 +pcF_)| (S12) 

£qPS+P = 7^\G 3 {uJo + qv)([S q ps+p,Sl] + [S q ,ps+pS\] 

+G 3 (-ojq - qv)([S\ps+p,S q ] + [S\, ps+pSq]) j , 

g = ±l. (S13) 

The effects of the baths are here described by the 
Fourier transforms of the autocorrelation functions (j — 
C,H) 



M {B ] {t)B 3 ) Tj dt = e u ' T 'G j {-w), 



(S14) 

The transition operators S±\ describe the processes of 
relaxation of the TLS accompanied by the excitation or 
deexcitation of the piston, while S±i describe their time- 
reversed counterparts. 



the combined H and C bath spectra at the TLS resonance 
wo i the sidebands and their negative counterparts: 



r„ = r ± n, 



'9 P \ 2 G(v±)G(-wq) + G(-i> T )G(u> ) 
v v ) G{u ) + G(-w ) 

(S17) 



The Glauber-Sudarshan P-representation is advanta- 
geous compared to the Fock-state basis, in that the P- 
representation offers unambiguous criteria for work ex- 
traction (see below). It may appear that initial quan- 
tum states with a passive (monotonically- decreasing) dis- 
tribution of Fock states populations , p nn > p n +in+i, 
are unable to extract work, but this may not be true, 
since an initial coherent (Glauber) state with (n) = 1, 
Pp = j ^jjjr has a passive distribution of Fock-state 
populations, and yet yields work. On the other hand, 
the same Fock-state population distribution with ran- 
dom phases, pp = ^2 n , i-e., without quantum co- 
herence, yields no work. For a passive distribution of 
Fock-state populations, quantum coherence in the Fock 
basis p nn ' ^ is a necessary but insufficient condition 
for work extraction, as we have checked numerically. 



Work-extaction condition (Eq. 12) in the 
P-representation 



Evolution in the Fock-state basis 



The evolution of any initial distribution is described 
by [H| 



The partially steady-state TLS populations in ps+p 
are found to be related to the piston matrix elements 
Pnn' , n and n' being Fock states of P, by 



{Pnn')s+P - Pi 



G(-uo) 



(Pnn')s+P = Pnn' 



"' G(-wo) + G(-wo) 
G(uq) 



G(-wo) + G(-w ) 



j Pnn' — Pnn' ' Pnn 

(S15) 



Once the fast dynamics of S has reached steady state, 
it can be eliminated and effective equations can then be 
written for the slow degrees of freedom of P. In particular, 
the diagonal elements p nn ' j which are decoupled from the 
off-diagonal ones p nn ' > obey the form that is well known 
from quantum laser/maser theory [l4| 



Pnn = r+ +1 p n +l,n+l + r n -iPn-l,n-l ~ (r+ + T n )p n ,n 

(S16) 

where r+ and r n denote the transition rates from \n) to 
\n — 1) and vice versa, respectively. The specific features 
of our model are embodied by the dependence of r^ on 



P(re l6 ,t)= I r dr d9 P(r e w °) 

(S18) 

where a — re 10 and qo = roe l6 ° where k — njrz^m ■ 
We are interested in its radial derivative 



^g/^ = -2 f dr de (r - r e-^ 2 cos(e - 9 ))r Q x 



/fc 2 e -fc|(re l£ '-roe-' t /V £, o)| 2 



P(r e ie °) 



a) Let us assume an initial passive distribution, i.e., 

dP(rg) 



isotropic and d { r °' < 0. 



9 J^A =- 2 j dr o d0 o (r - r e-^ 2 cos(9 - 9 Q ))r Q x 



fc 2 e -fc|(re"'-roe-T t/2 e i£, o)|2 



Integration over angle 9q yields 



P(r ) 



7 



dP{re ie ,t) 
dr 



= -4 



(dr (r/ (2fc 



/■/•(!<; 2 )+ 



r e- 7t/2 /i(-2fcrroe-T)) 7 . A; 2 e- fe ( I ' 2 +'-oe 7t )p(r )) 



r dr d9 



1 e 



P(re l °,t) = 

0(1-6-1") 



ttD(1 - e-T*) 



-P(r e ie °) 



-> / r dr dd 



7e 



D(l-e — '*) 



nD(l - e-T*; 



-P(r e ie °) 



7e 



D(l-e— "I") 



7r£)(l - e-T* y 
where we have used the fact that 



(S19) 



where I m is the modified Bessel function. 



Integrating the r.h.s by parts yields 



r dr d9 e D(i-e-»') P(r e lO °) = (e D(i-e--r')) 



which is a positive quantity for any distribution. Calcu- 
lating the derivative over r we obtain at long times 



/ 



dP{re id ,t) 



dr o r 2tq q F± ( 2 k r ro e " 



<9r 

.^.Sfc 2 e -^ 2 +'"o^ t )p(ro) 



4r 2 _ 7t/2 6)/ 1 (-2fcrr e-^))fc 2 e- fc ^ 2 + r o e '" t )P(r ) 
dr ° 3 6 9r 



dP(re ie ,t) 
dr 



2re D d- 



-7«))2 7r 



(S20) 

A counter-example is the coherent state, where the ra- 
dius of the center of the distribution r = r$e~^~ , so 



j2rroe 2 
D{1 - e-T') ~ D(l 



72r 2 e- 7 ' 



-7* 



72rroe" 



72r| 
D 



may not be small, and IS20I does not hold. 

c) It follows from a) and b) that what determines 
whether or not a distribution becomes passive at long 
times is the evolution of the center of the distribution, 
where the derivative vanishes. This is given by 



where qF\{z) is the Regularized Hypergeomet- 
ric Function which is positive for positive argu 

dr 



ments. If < 0, then 



dr 



and 



dli(-2krr e ~T))k 2 e' 



>P(rg) 



dro 



will also be negative. 



Hence for 



dP(rg) 



dr 

and thus passive. 



< 0, 



dPjre 1 " ,t) 
dr 



is negative at any time 



b) Let us assume 7 < 0. Suppose that the distribu- 
tion is concentrated about radius r such for long times 



y2rrpe 



D(l- 



72rrpe 

w 



0. Then at long times 



dP(T ^ r ,l) = -2 J dr Q d9 (r - r e-^ 2 cos(9 - 8 ))r x 



7 |( r ."- ro .-T'/'^)|^ 
e D(l-e-Tt) 



P(r e ie °)=Q 



dP{re l9 ,t) 
09 



2 / drod9o{rr e-~> t/2 Sin(8 - 9 ))r Q x 



7 |(r e -"- ro .-T/^-»Q)P 

e D (i- e -7t) 
4f(l-e-^)) 2 



P(r e i9 °) = 



(S21) 



